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Abstract
AtomicKohnSham.jl is a Julia code that enables to compute the ground-state of atoms
and ions within the framework of the Extended Kohn-Sham model . It employs a carefully
chosen finite element basis, achieving arbitrarily high accuracy both in the discretization
(basis set) and in the finite-precision arithmetic, to represent the electronic states.

Quantum Mechanics in a Nutshell
The electronic state of an atom of N electrons and a nucleus of charge Z (centered at
the origine) can be fully described by a function

Ψ(x1, x2, · · · , xN) where xi ∈ R3,

and behaves according to a linear operator acting on Ψ, the Hamiltonian

H =
N∑

i=1
−1

2
∆xi︸ ︷︷ ︸

Kinetic energy of electrons

−
N∑

i=1

Z

|xi|︸ ︷︷ ︸
Nucleus-electrons

+
∑

1≤i<j≤N

1
|xi − xj|︸ ︷︷ ︸

Electrons-electrons

.

What is a ground-state of an atom ?
It is a state ΨGS associated to the lowest eigenvalue of H :

HΨGS = EGSΨGS

where EGS ∈ R is the lowest energy the atoms can have.

Why calculate the groundstate of atoms ?
• Fundamental reference: the ground state is the starting point for many quantum simulations.
• Material properties: determines stability, structure, and electronic behaviour of atoms.

How to calculate the groundstate of atoms ?
Minimization problem :

EGS = ⟨ΨGS|HΨGS⟩ = min
Ψ̸=0

⟨Ψ|HΨ⟩
||Ψ||2

.

Minimization in L2(R3N) : Curse of dimensionality ⇒ Need approximate models.

From Model to Algorithm

We use the Extended-Kohn-Sham Model [1].

Idea : Approximate the two-body interaction by a one-body potential vKS ⇒ Enables to
write a set of one-body eigenvalue problems in L2(R3) !

The Euler-Lagrange equations of the EKS model reads :

Find (φi) and (ni) s.t. :

HEKS(ρ)φi = ϵiφi,

ρ(x) =
∑

i ni|φi(x)|2∫
R3 φiφj = δij,∑

i ni = N and 0 ≤ ni ≤ 1,

Aufbau principle for (ni)i.

We assume no spherical symmetry breaking ⇒ the eigenvalue problem in L2(R3) reduces to
a set of eigenvalue problems in L2(R+).

Algorithm: Self-consistent field procedure via the Optimal Damping Algorithm (a fixed-point
method with acceleration techniques)

Discretization : Finite Element method
In FEM, to build your discretization basis, you need
three components:
•A Mesh : for example the exponential mesh is

defined by
rk = (1 + Rmax)

Ä
k

Nmesh−1

äs

− 1
with s a parameter.

• Generators : A set of polynomials (Q̃j) of differ-
ent degree (from 1 to D) defined on [−1, 1].

• Shift functions : Linear maps fk that matches
the cells [rk, rk+1] to [−1, 1].

Finally, we have

φi(r) =
Nbasis∑
j=1

UijQj(r) =
Nbasis∑
j=1

Uij

(
Q̃G(j) ◦ fS(j)(r)

)

Features

Currently supported features :
•Algorithms: self-consistent field iterations with ODA
• Discretization: FEM with customizable grids and polynomial basis
• Models: LDA and LSDA exchange–correlation functionals via Libxc.jl

•Visualization: fast plotting of densities and orbitals via CairoMakie.jl

• Precision: support for arbitrary precision (tested for Double64)
• Performance: optimized for low memory allocation and fast runtimes (seconds to minutes)

Libraries : TensorOperations.jl, SparseArrays.jl, FastGaussQuadrature.jl,
Optim.jl, LinearAlgebra, HypergeometricFunctions.jl

Integration Challenges

HEKS
dis is the sum of several matrices. One of them is

Mij =
∫ Rmax

0

Qi(r)Qj(r)
r

dr = δS(i),S(j) A

∫ 1

−1

Q̃i(r)Q̃j(r)
Ar + B

dr

where f−1
S(i)(r) = Ar + B.

How to compute this integral ?

Naïve solution : Coefficient by coefficient, one can write

Il :=
∫ 1

−1

rl

Ar + B
dr = 1

Al+1

∫ B+A

B−A

(r − B)l

r
dr︸ ︷︷ ︸

∼Al

= 1
Al+1

l∑
p=0

Ç
l

p

å
(−B)l−p

∫ B+A

B−A

rp−1 dr︸ ︷︷ ︸
∼A

Problem when A = ∆r/2 → 0 !

One solution : Use of Hypergeometric functions to compute very precisely the integral :

Il = 1
B(l + 1)

[
2F1(1, l + 1; l + 2; A/B) − (−1)l+1

2F1(1, l + 1; l + 2; −A/B)
]

Maximal Ionization of atoms

Ionization conjecture :
• Statement: "A neutral atom can bind at most one or two electrons"
• No theoretical proof of the existence of negatives ions for some models [2].

Computations done for the PW exchange correlation using Integrated Legendre polynomials,
D = 10, s = 1.3, and Nmesh = 20.

Further work
In the future, we plan to:
• Implement a quadratic convergence algorithm to accelerate computations,
• Investigate GPU support for improved performance.
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